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Abstrat
The question Whih abelian permutation groups arise as group of
simple urrents in Rational Conformal Field Theory? is investigated
using the formalism of weighted permutation ations. After a review of
the relevant properties of simple urrent symmetries, the general theory
of WPA-s and admissibility onditions are desribed, and lassiation
results are illustrated by a ouple of examples.
1 Introdution
The global struture of a Rational Conformal Field Theory is desribed by a
Modular Tensor Category [1, 2℄, i.e. a solution of the Moore-Seiberg polynomial
equations [3℄ and the assoiated modular representation. Besides the behavior
of the genus one haraters under the ation of the modular group [4℄, the
Modular Tensor Category does also determine the fusion rules of the primary
elds [5℄, the modular invariant partition funtions [6℄, the onformal boundary
onditions [7, 8℄, and many other important harateristis of the theory.
Reall that the modular representation assoiated to a RCFT is determined
by a pair of unitary matries S and T representing the modular transformations
τ 7→ −1
τ
and τ 7→ τ + 1 respetively (with rows and olumns indexed by the
primary elds), suh that [3, 5℄
1. T is diagonal of nite order, and S is symmetri;
2. S2 ommutes with T , and equals the permutation matrix assoiated to
harge onjugation;
3. the modular relation
STS = T−1ST−1 (1)
holds.
The eigenvalues of the matrix T are determined by the onformal weights ∆p
of the primaries and the entral harge c, more preisely
T qp = ω (p) δ
q
p (2)
1
with
ω (p) = exp
(
2piı
(
∆p − c
24
))
, (3)
while the matrix elements of S determine the fusion rules Npqr of the primaries
by Verlinde's formula [5℄
Npqr =
∑
s
SpsSqsSrs
S0s
, (4)
where 0 labels the vauum.
Symmetries of the modular representation have been studied extensively,
mostly beause of their intimate ties with the lassiation of modular invariant
partition funtions. A prominent role is played by simple urrent symmetries,
whih are permutations α of the primary elds for whih the assoiated permu-
tation matrix
[Π (α)]qp = δ
αq
p (5)
is diagonalized by S. The terminology omes from the relation of suh per-
mutations to simple urrents, whih are dened traditionally as primary elds
J whose fusion produt with their harge onjugate equals the vauum [9, 10,
11, 12℄, a ondition that may be shown to be equivalent to S0J = S00. From
this denition follows, using standard properties of the modular representation
and Verlinde's formula Eq.(4), that the fusion produt of two simple urrents
is again a simple urrent, i.e. they form an abelian group, and that the fusion
matrix NJ assoiated to a simple urrent J is a permutation matrix. In other
words, to any simple urrent J is assoiated a permutation αJ of the primary
elds suh that NJ = Π(αJ ). Aording to Verlinde's theorem [5℄ fusion ma-
tries are diagonalized by S, onsequently αJ is a simple urrent symmetry for
eah J . Conversely, α0 is a simple urrent for eah simple urrent symmetry α,
and this one-to-one orrespondene between simple urrents and simple urrent
symmetries shows that the two notions are in fat equivalent. We'll use the
denition based on permutations beause it is more adequate for the kind of
questions we intend to disuss.
Simple urrents play a distinguished role in Conformal Field Theory for
several reasons. Just to ite a few, they provide for most modular invariant
partition funtions [13, 14℄, they are essential for the proper treatment of the
GSO projetion in Superstring Theory [15, 16, 17℄, they an be used to onstrut
new non-trivial modular tensor ategories [18℄, and they determine to a great
extent the struture of the modular representation [19℄. All these appliations
need a thorough and detailed understanding of their properties.
While there is an extensive literature on simple urrents [9, 10, 11, 12, 20,
21, 22℄, the following question still waits for an answer.
Question1: Whih nite abelian permutation groups are group of simple ur-
rent symmetries of a RCFT?
That any (nite) abelian group arises this way is easy to see, but it is far from
true that any abelian permutation group does. For example, we'll see that the
2
degree of the group of simple urrent symmetries is bounded from below by its
order, restriting severely the possible permutation groups.
A simple minded approah to answering Question1 would be to lassify all
RCFT-s (or the orresponding modular tensor ategories), and to ompute the
group of simple urrent symmetries for eah of them: sorting the resulting list
would yield the answer. Unfortunately, the enumeration of all RCFT-s is still
beyond reah, so we need some alternative strategy. The one we'll adopt here
is to look for properties that are harateristi of the permutation ation of
the group of simple urrent symmetries, then, for a presribed abelian group,
to lassify all permutation ations with these properties. As we'll see, these
harateristi properties are related to the extra struture of simple urrent
symmetries, formalized in the notion of an admissible weighted permutation
ation. In this way we'll get an answer to our problem, whih is only partial
beause not all admissible WPA-s orrespond to simple urrent symmetries of
RCFT-s. Nevertheless, this partial answer will already allow us to draw sur-
prising onlusions about RCFT-s with a presribed group of simple urrent
symmetries, e.g. that a theory whih has a Z3×Z3 group of integer spin simple
urrents should have at least 35 primary elds (Example 4 of Setion 5), a result
that is not ompletely obvious. But rst of all, we have to take a loser look at
simple urrent symmetries.
2 Simple urrent symmetries
As explained in Setion 1, a simple urrent symmetry is a permutation α of the
primary elds suh that S−1Π(α)S is a diagonal matrix, where Π(α) denotes
the permutation matrix assoiated to α. A straightforward argument shows
that simple urrent symmetries form an abelian group G (ommutativity being
a onsequene of the ommutativity of diagonal matries). The importane of
simple urrent symmetries is related to the following result, somewhat reminis-
ent of Shur's lemma: any monomial matrix (i.e. a matrix that has exatly
one nonzero entry in eah row and olumn) diagonalized by S is neessarily
proportional to Π(α) for some α ∈ G.
The basi properties of simple urrent symmetries are neatly expressed in
terms of the monomial matries
Y (α, β) = Π (α)SΠ(β)S−1 . (6)
A lever appliation of the modular relation Eq.(1), together with Eq.(2) and
the symmetry of S, leads to the formula
Y (α, β)qp = ϑ (β)
ω (q)
ω (βq)
δαqp (7)
for the matrix elements, where
ϑ (α) = exp (2piı∆α0) . (8)
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Inserting Eq.(7) into the obvious equality Y (1, α)Y (1, β) = Y (1, αβ) gives the
fundamental relation
ω (αp)ω (βp)
ω (p)ω (αβp)
=
ϑ (α)ϑ (β)
ϑ (αβ)
, (9)
whih holds for all primaries p and all α, β ∈ G, where the point is that the lhs.
of Eq.(9) does not depend on p.
Eq.(9) is the ornerstone of the whole theory. In partiular, from Eqs.(7)
and (9) one derives the multipliation rule
Y (α1, β1)Y (α2, β2) =
ϑ (α2)ϑ (β1)
ϑ (α2β1)
Y (α1α2, β1β2) . (10)
In other words the matries Y (α, β) form a projetive representation of the
abelian group G×G, with a suitable 2-oyle determined by ϑ. In terms of ϑ
the 2-oyle ondition reads
ϑ (αβ) ϑ (βγ)ϑ (γα) = ϑ (α) ϑ (β)ϑ (γ)ϑ (αβγ) , (11)
i.e. ϑ is a quadrati funtion on G written multipliatively! The 2-oyle of
Eq.(10) is trivial if and only if ϑ is a harater of G, i.e. ϑ (αβ) = ϑ (α)ϑ (β).
One may also show that in a unitary RCFT
ϑ (αn) = ϑ (α)
n2
(12)
holds for all integers n and α ∈ G, i.e. ϑ is atually a quadrati form on G, a
well known result of the theory of simple urrents [9, 11℄.
Let's now onsider the ommutation rule of Y (α, β) with modular represen-
tation matries. If M represents the SL (2,Z) element
(
a b
c d
)
, then
M−1Y (α, β)M =
ϑ (α)b(c−a) ϑ (β)c(b−d)
ϑ (αβ)
bc
Y
(
αaβc, αbβd
)
. (13)
In partiular,
S−1Y (α, β)S =
ϑ (αβ)
ϑ (α)ϑ (β)
Y
(
β, α−1
)
(14)
and
T−1Y (α, β) T =
1
ϑ (α)
Y (α, αβ) . (15)
Eq.(13) is the basis of the appliation of simple urrents to the onstrution
of modular invariant partition funtions [13, 14℄: if H < G is a subgroup suh
that ϑ (α) = 1 for all α ∈ H (i.e. H orresponds to integer spin simple urrents),
then the matrix
ZH =
1
|H |
∑
α,β∈H
Y (α, β) (16)
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ommutes with all modular matries aording to Eq.(7), and may be shown to
have non-negative integer entries, thus providing a modular invariant, the so-
alled simple urrent modular invariant assoiated to the subgroup H . There is
a further possibility to introdue into Eq.(16) so-alled disrete torsion oe-
ients [14℄.
An important feature of the matries Y (α, β), whih goes beyond the usual
properties of the modular representation, follows from onsiderations involving
the mapping lass group ation on the spae of genus one 1-point holomorphi
bloks, more preisely from the urious relation Eq.(33) of [23℄. Aording to
this result, the trae of Y (α, β) may be expressed as
Tr Y (α, β) =
∑
p
φp (α, β) , (17)
where the quantity φp (α, β), the so-alled ommutator oyle, satises
|φp (α, β)| =
{
1 if p is fixed by both α and β,
0 otherwise.
(18)
Finally, one may show that no simple urrent symmetry besides the identity
may x the vauum. The importane of this remark will be laried in Setion
4, but it does already imply that there are at least as many primary elds as
simple urrents, i.e. the degree of the permutation group G annot be less than
its order.
3 Weighted permutation ations
By a quadrati group we'll mean a pair (G, ϑ), with ϑ a quadrati funtion on
the nite abelian group G, i.e. a omplex valued funtion ϑ : G→ C∗ suh that
Eq.(11) is satised. Its radial is the quadrati group
rad (G, ϑ) =
(√
G,
√
ϑ
)
, (19)
where
√
G = {α ∈ G |ϑ (αβ) = ϑ (α) ϑ (β) ∀β ∈ G} and √ϑ is the restrition of
ϑ to
√
G. Note that
√
ϑ, besides being a quadrati funtion, is also a harater
of
√
G, i.e. it is a homomorphism from
√
G into the omplex numbers. A
quadrati group is alled non-degenerate if its radial is trivial, while it is alled
ompletely degenerate if it equals its own radial (in whih ase the quadrati
funtion ϑ is a harater of G). While usually the nondegenerate ase is the
interesting one, we'll see that in the present ontext it's just the opposite: all
the interest lies in the ompletely degenerate ase.
By a weighted permutation ation (WPA for short) of a quadrati group
(G, ϑ) we shall mean a pair X = (X,ω), where X (the support of X ) is a nite
set permuted by the group G, while ω (the weight funtion of X ) is a nowhere
vanishing omplex funtion on X whih satises Eq.(9). The degree of the WPA
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(X,ω) is the ardinality of X . Aording to the results of Setion 2, the group G
of simple urrent symmetries of a RCFT, together with the quadrati funtion
ϑ dened by Eq.(8), form a quadrati group (G, ϑ), and the pair (X,ω) is a
weighted permutation ation of this quadrati group, where X denotes the set
of primary elds and ω is dened by Eq.(3). We shall all this WPA the simple
urrent WPA assoiated to the RCFT.
Clearly, for a given WPA X = (X,ω) of the quadrati group (G, ϑ) the
labeling of the elements of X is immaterial, leading to an obvious notion of
equivalene for WPA-s, with an additional freedom: Eq.(9) is invariant under
a resaling of ω, therefore two WPA-s whose weight funtions dier by a fator
whih is loally onstant on the orbits of G should be onsidered equivalent
too. Our goal in this Setion is to understand the lassiation of WPA-s up to
equivalene.
First of all, let's see an important example of a WPA. For a given quadrati
group (G, ϑ) let's onsider the WPA whose support is the set of elements of
G (on whih G ats by left translations), and whose weight funtion equals ϑ.
That this is indeed a WPA, whih we'll all the regular WPA, follows from
Eq.(11). This WPA is transitive, whih means that its support onsist of just
one G-orbit, and it will play an espeially important role later.
Given two WPA-s X1 = (X1, ω1) and X2 = (X2, ω2) with disjoint supports
(i.e. suh that X1 ∩ X2 = ∅), their sum is the WPA denoted X1 ⊕ X2, with
support X1 ∪X2 and weight funtion
ωX (p) =
{
ω1(p) if p ∈ X1 ,
ω2(p) if p ∈ X2 .
(20)
It may be shown that one gets in this way a ommutative and assoiative binary
operation on the set of equivalene lasses of WPA-s. There is also an obvious
notion of produt of WPA-s, but it won't play any role in what follows.
Transitive WPA-s, i.e. those WPA-s whose support onsist of a single G-
orbit, are fundamental beause any WPA may be deomposed uniquely (up to
reordering) into a sum of transitive ones. This result redues the lassiation
of (equivalene lasses of) WPA-s to the problem of determining the transitives.
All transitive WPA-s may be obtained (up to equivalene) as follows: let ξ
be a harater of
√
G, and H a subgroup of ker
(
ξ/
√
ϑ
)
(the latter makes sense
sine
√
ϑ is a harater of
√
G). Consider the oset spae X = G/H on whih
G ats by left translations, and the funtion ω (αH) = ϑ (α) /ξ∗ (α), where ξ∗
is any harater of G whose restrition to
√
G equals ξ. One may show that
this ω is well-dened on G/H , and the pair (X,ω) is a transitive WPA, whose
equivalene lass W [H, ξ] is fully determined by H and ξ, and any transitive
WPA is equivalent to one of these oset WPA-s. The regular WPA is just
W [1, ξ0], where ξ0 denotes the trivial harater, and 1 is the trivial subgroup of
G.
There is a result that simplies greatly the lassiation of WPA-s. It states
that there is a one-to-one orrespondene between the WPA-s of a quadrati
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group and those of its radial, whih respets sums, and under whih transitive
WPA-s orrespond to transitive ones! In partiular, a non-degenerate quadrati
group has just one transitive WPA (the regular one), all other WPA-s being
multiples of it, showing that, as far as WPA-s are onerned, the interest does
indeed lie in the ompletely degenerate ase.
In the same way as one an assoiate a linear representation to any permu-
tation ation of a group, one an assoiate a monomial representation to a WPA
(X,ω) by introduing matries
Y (α, β)qp = ϑ (β)
ω (q)
ω (βq)
δαqp , (21)
whose rows and olumns are labeled by the elements of X . These matries form
a projetive representation of G×G, i.e.
Y (α1, β1)Y (α2, β2) =
ϑ (α2)ϑ (β1)
ϑ (α2β1)
Y (α1α2, β1β2) . (22)
Moreover, denoting by At the transpose of a matrix A, it follows from Eqs.(21)
and (9) that
Y (α, β)
t
=
ϑ (αβ)
ϑ (α) ϑ (β)
Y
(
α−1, β
)
. (23)
The quantity
ΥX (α, β) = ϑ (β)
∑
p∈Fix(α)
ω (p)
ω (βp)
= Tr Y (α, β) , (24)
where Fix (α) denotes the set of xed points of the permutation α, will play an
important role in Setion 4. It is obviously additive, i.e.
ΥX (α, β) = ΥX1 (α, β) + ΥX2 (α, β) (25)
if X = X1 ⊕X2, and for the transitive WPA W [H, ξ] (see Setion 3) one has
Υ (α, β) =
{
ξ (β) [G : H ] if α ∈ H and β ∈ √G,
0 otherwise.
(26)
Note that Υ (α, β) = 0 unless α, β ∈ √G, onsequently we may onsider Υ as a
funtion dened on
√
G×√G.
4 Admissible WPAs
As we have already disussed in Setion 3, to eah RCFT orresponds a WPA
(X,ω) of the quadrati group (G, ϑ), where X is the set of primary elds, ω
is dened by Eq.(3), G is the group of simple urrent symmetries, and ϑ the
quadrati funtion dened by Eq.(8). In view of this result, we may reformulate
Question1 from Setion 1 as follows.
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Question2: For a given a quadrati group, whih of its WPA-s arise as simple
urrent WPA-s of some RCFT?
It is lear that an arbitrary WPA won't do the job. First, beause the vauum
0 has trivial stabilizer (as notied at the end of Setion 2), and the weight
funtion ω restrited to the G-orbit of 0 equals, up to an irrelevant onstant of
proportionality, the quadrati form ϑ aording to Eqs.(3) and (8), it follows
that the simple urrent WPA of a unitary RCFT should ontain at least one
opy of the regular WPA. But this is not the end of the story.
An analysis of the properties of simple urrent WPA-s leads to the notion
of admissible WPA, by whih we mean a WPA X that satises the following
riteria:
1. Galois invariane:
multX
(
H, ξk
)
= multX (H, ξ) (27)
for any integer k oprime to the exponent of G, wheremultX (H, ξ) denotes
the multipliity of the transitive WPA W [H, ξ] in X .
2. Reiproity relation:
Υ (β, α) = Υ (α, β) . (28)
3. Fixed point bound:
|Υ (α, β)| ≤ |Fix (α) ∩ Fix (β)| (29)
for all α, β ∈ G, i.e. the absolute value of Υ (α, β) is bounded from above
by the number of ommon xed points of α and β.
Let's explain the origin of these onditions! Eq.(27) follows ultimately from
Eq.(13), for one an show using the theory of the Galois ation [24, 25℄, that
the matrix S−1T lST kST l is monomial for integers l and k suh that lk ≡
1 (mod N), where N denotes the order of the matrix T [26℄. Beause the
exponent of the group G of simple urrents divides N , Eq.(13) applied to suh
matries S−1T lST kST l, taking into aount their monomiality, leads to Eq.(27)
for the simple urrent WPA of a RCFT.
As to Eq.(28), it omes from ombining Eqs.(14) and (23), whih give
S−1Y (α, β)
t
S = Y (β, α) . (30)
Taking the trae of both sides and realling Eq.(24) gives at one the reiproity
relation Eq.(28). Finally, the xed point bound follows from Eqs.(17), (18) and
the triangle inequality.
Aording to the above terminology, the simple urrent WPA of a unitary
RCFT is an admissible WPA whih ontains the regular WPA with positive
multipliity. Note that the above admissibility onditions are neessary, but by
no means suient!
8
One might wonder how restritive is the above onept of admissibility, and
on the possible dependenies between Eqs.(27), (28) and (29). One may show
that they are atually independent by exhibiting relatively simple examples
whih satisfy two of them, but not the third. As to the strength of these re-
stritions, let's just mention the following result: for any WPA that satises the
reiproity relation Eq.(28), the values of Υ (α, β) are always integers! The ex-
amples from Setion 5 further illustrate the speial nature of admissible WPA-s.
In priniple one ould develop more restritive riteria for WPA-s orresponding
to simple urrent symmetries of a RCFT, but the above notion of admissibility
has a distintive feature: it puts linear restritions (equalities and inequalities)
on the multipliities of the transitive onstituents, whih means that the sum
of two admissible WPA-s is again admissible.
Let's turn now to the lassiation of admissible WPA-s. For this we'll
need the notion of irreduibility: a WPA is irreduible if it is admissible and
annot be deomposed into a non-trivial sum of two admissible WPA-s. One an
show that there is only a nite number of irreduibles, whih follows from the
fat that the admissibility onditions translate into a set of homogeneous linear
equalities and inequalities on the multipliities of the transitive onstituents,
and these dene a rational one whih, aording to the elebrated theorem of
Minkowski and Weyl [27℄, is always generated by a nite number of extreme
rays .
Consequently, it is in priniple possible to determine for eah quadrati group
the set of irreduible WPA-s, and any admissible WPA will arise as a sum
of these irreduibles. But it should be notied that, although an irreduible
deomposition always exists for an admissible WPA, this deomposition is by
no means unique, for there may exist non-trivial relations among the irreduibles
(as in Example 4 of the next Setion).
An important simpliation results from the one-to-one orrespondene (dis-
ussed in Setion 3) between the WPA-s of a quadrati group and those of its
radial, for irreduible WPA-s orrespond under it to irreduible ones. Thus it
is enough to lassify the irreduibles WPA-s of the radial. In partiular, for a
nondegenerate quadrati group the regular WPA, whih is the only transitive, is
also the only irreduible, whih orresponds to the situation where all primaries
are simple urrents. Conversely, the regular WPA annot be admissible unless
the quadrati group is nondegenerate.
5 Examples
As indiated in the main text, there is a one-to-one orrespondene between
the WPA-s of a quadrati group and the WPA-s of its radial, under whih
transitive (resp. irreduible) WPA-s orrespond to transitive (resp. irreduible)
ones. Thus it is enough to treat the ompletely degenerate ase, when the
quadrati funtion is a harater. As usual, Zn is the yli group of order n,
and we'll denote by ξ0 the trivial harater of any group, while ξ1 stands for the
non-trivial harater of Z2.
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1. G = (Z2, ξ0).
This quadrati group has three transitive WPA-s (see Setion 3 for no-
tations): F = W [Z2, ξ0] of degree 1 (the xed point), R = W [1, ξ0] of
degree 2 (the regular), and W = W [1, ξ1] of degree 2. The Galois ation
is trivial beause G has exponent 2. A WPA
nFF ⊕ nRR⊕ nWW ,
is admissible if and only if the following onditions are satised:
nR = nW ,
nF , nR ≥ 0 .
It does follow that there are two irreduible WPA-s: F of degree 1 and R⊕
W of degree 4, and there are no relations between them. Any admissible
WPA that ontains the regular one does also ontain the WPA W , in
partiular its degree is at least 4.
2. G = (Z2, ξ1).
Again we have three transitive WPA-s, F =W [Z2, ξ1], R =W [1, ξ0] and
W = W [1, ξ1], out of whih R is the regular of degree 2, and F is the
xed-point WPA of degree 1. The admissibility onditions for nFF ⊕
nRR⊕ nWW read
nR = nF + nW ,
nF , nW ≥ 0 .
Consequently, there are two irreduible WPA-s: F ⊕ R of degree 3 and
R ⊕W of degree 4, and there is no relation between them. In this ase
both irreduibles ontain the regular WPA R. The irreduible F ⊕ R is
realized in the Ising model.
3. G = (Z2 × Z2, ξ0).
In this ase there are 11 transitive WPA-s. Solving the onditions for
admissibility, we get a total of 6 irreduible WPA-s, out of whih three have
degree 4, and the remaining three have degrees 1, 11 and 16 respetively.
There are no relations between the irreduibles. The only irreduibles that
ontain the regular WPA are those of degrees 11 and 16. The irreduible
of degree 11 is realized in a suitable Ashkin-Teller model.
4. G = (Z3 × Z3, ξ0).
There are 22 transitive WPA-s belonging to 14 Galois orbits, but only 8
irreduible ones. Of the irreduible WPA-s four have degree 9, while the
remaining have respetive degrees 1, 35, 69 and 81. The only irreduible
WPA-s ontaining the regular one are those of degrees 35, 69 and 81.
There is one non-trivial relation between the irreduibles, whih reads
35⊕ 35 = 1⊕ 69 if d denotes the unique irreduible of degree d.
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While the simplest ases with G = Z2 may be dealt with by hand, the larger
ases (large means |G| > 3) require the use of sophistiated software. The needed
group theoreti omputations have been performed using GAP [28℄, while the
solution of the inequalities oming from Eq.(29) were omputed by the software
pakage dd+ [29℄. It should be noted that this last part of the omputations
is in general extremely hard. For example, in the ases G = (Z2 × Z2 × Z2, ξ0)
and G = (Z4 ×Z4, ξ0) more than 800 hours of CPU time have not been enough
to omplete the omputation on a 2.4GHz Pentium4 PC.
6 Disussion
The main goal of this work was to isolate the notions needed for a proper
treatment of the question: whih nite abelian permutation groups arise as
group of simple urrent symmetries? The analysis of the properties of simple
urrent symmetries led us to introdue the notions of weighted permutation
ations and admissibility, and to develop the ensuing theory. While admissibility
is a neessary but not suient ondition for a WPA to be the simple urrent
WPA of some RCFT, it has the enormous advantage of being linear in the
multipliities of the transitive onstituents, whih greatly simplies the theory.
Unfortunately, the solution of the linear inequalities oming from the xed point
bound Eq.(29) turns out to be very involved even in simple ases like G = Z2×
Z2×Z2. But in priniple we an determine in nite time the irreduible WPA-s
of any quadrati group, together with the relations satised by them, providing
a omplete solution of the admissibility onditions and an answer to Question2.
While the notion admissibility is not restritive enough, i.e. it may happen
that some admissible WPA-s do not arise from a RCFT, it does nevertheless
apture many non-trivial features of simple urrent WPA-s, hopefully the most
important ones.
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